This paper but section 6 is essentially my lecture at The Eighth Congress of Romanian Mathematicians, 2015, Iasi, Romania. The paper summarizes the definitions and the properties of the invariants associated to a real or an angle valued map in the framework of what we call an Alternative to MorseNovikov theory. These invariants are configurations of points in the complex plane, configurations of vector spaces or modules indexed by complex numbers and collections of Jordan cells. The first are refinements of Betti numbers, the second of homology and the third of monodromy. Although not discussed in this paper but discussed in works this report is based on, these invariants are computer friendly (i.e. can be calculated by computer implementable algorithms when the source of the map is a simplicial complex and the map is simplicial) and are of relevance for the dynamics of flows which admit Lyapunov real or angle valued map.
Classical Morse theory and Morse-Novikov theory consider a Riemannian manifold (M, g) and a Morse real valued or a Morse angle valued map, f : M → R or f : M → S 1 , and relate the dynamical invariants of the vector field grad g f, namely -the rest points of grad g f = critical points of f, -the instantons 1 between two rest points x, y of grad g f, -the closed trajectories of grad g f (when f is angle valued) to the algebraic topology of the underlying manifold M or of the pair (M, ξ f ) in case f is angle valued map. Here ξ f denotes the degree one integral cohomology class represented by f.
The results of the theory can be applied to any vector field V on M which admits a closed differential one form ω ∈ Ω 1 (M ) as Lyapunov rather than grad g f , since the dynamics of such vector field V (when generic) is the same as of grad g f for some Riemannian metric g and some f, angle valued map cf [3] . The results of the theory can be used in both ways; knowledge of the dynamical invariants of grad g f permits to calculate the topological invariants of M or of (M, ξ f ) and the algebraic topological invariants of M or of (M, ξ) provide significant constraints for dynamics of a vector field with Lyapunov map representing ξ, cf [3] .
The ANM theory associates to a pair (X, f ), X a compact ANR, f a continuous real or angle valued map defined on X and κ a field a collection of invariants: the configurations δ The configuration δ f r is a finite collection of points with multiplicity located in C in case f is real valued and in C \ 0 in case f is angle valued and the configurationδ The configurations δ f r and the collections J r (f ), r ≥ 0 are computer friendly in the sense that for a simplicial complex and a simplicial map can be calculated by computer implementable algorithms.
On one side these invariants refine basic algebraic topology invariants of X and (X; ξ f ) (Betti numbers or Novikov-Betti numbers, Homology or Novikov homology, monodromy). On other side they are closed to the dynamical elements (rest points, instantons, closed trajectories) of a flow on X which has f as a Lyapunov map and permit to detect the presence and get informations about the cardinality of such elements.
The configuration δ f r is a configuration of points in the complex plane, each such point corresponding to a pair of critical values of f (i.e. bar codes in the terminology of [2] ) whose multiplicity have homological interpretation. The configurationδ f is a configuration of vector spaces or modules indexed by complex numbers with the vector space or moduleδ f r (z) of dimension or rank equal to δ f r (z) and specifying a piece of the homology H r (X) or Novikov homology H N r (X, ξ f ). The Jordan cells J r (f ) are pairs (λ, k) each providing a Jordan matrix which appears in the Jordan decomposition of the r− monodromy of ξ f .
In contrast with the classical Morse-Novikov theory concerned with critical points of f, instantons and periodic orbits of grad g f for X a smooth manifold and f a Morse real or angle valued map, the configurations δ f r ,δ f r and the Jordan cells J r , associated to f in AMN-theory, 1 isolated trajectories between critical points -are defined for spaces X and maps f considerably more general than manifolds and Morse maps, -are computable by effective algorithms when X is a finite simplicial complex and f simplicial map, -enjoy robustness to C 0 − perturbation and satisfy Poincaré duality. This paper summarizes the definitions and the properties of the invariants δ f r ,δ f r ,δ f r , J r (f ) in AMNtheory and addresses only the first aspect of the theory, the algebraic topology aspect. It also indicates a few mathematical applications (section 6). The results are stated in Sextion 4. Details for the proofs are contained in [4] , [5] , [6] and partially in [7] where the computational aspects of these invariants are also addressed.
Preliminary definitions

Configurations
Let X be a topological space and κ a fixed field. A configuration of points in X is a map δ : X → Z ≥0 with finite support and a configuration of κ−vector spaces or of free κ[t −1 , t]−modules indexed by the points in X is a mapδ defined on X with values κ−vector spaces or free κ[t −1 , t]−modules with finite support. A point x ∈ X is in the support of δ if δ(x) = 0 and in the support ofδ ifδ(x) is of dimension or of rank different from 0. The non negative integer x∈X δ(x) is referred to as the cardinality of δ. One denotes by C N (X) the set of configurations of cardinality N.
One says that the configurationδ refines the configuration δ if dimδ(x) = δ(x).
If κ = C one can consider also configurations with values in Hilbert modules of finite type over a von Neumann algebra, in our discussion always L ∞ (S 1 ), the finite von Neumann algebra obtained by the von Neumann completion of the group ring C[Z] which is exactly
Let V be a finite dimensional vector space over κ a field or a free f.g. κ[t −1 , t]− module or a finite type Hilbert module over L ∞ (S 1 ). Consider the set P(V ) of subspaces of V, split free submodules of V, closed Hilbert submodules of V respectively.
One denotes by C V (X) the set of configurations with values in P(V ) which satisfy the property that the induced map I δ : ⊕ x∈Xδ (x) → V is an isomorphism. An element of C V (X) will be denoted byδ rather thanδ to emphasize the additional properties. The sets C N (X) and C V (X) carry natural topologies, referred to as the collision topology. One way to describe these topologies is to specify for each δ orδ a system of fundamental neighborhoods. If δ has as support the set of points
Similarly ifδ has as support the set of points
, and consists of configurationδ ′ which satisfy the following: 2. If X = C then C N (X) identifies to the degree N −monic polynomials with complex coefficients and if X = C \ 0 to the degree N −monic polynomials with non zero free coefficient. To the configuration δ whose support consists of the points z 1 , z 2 , · · · z k with δ(z i ) = n i one associates the monic polynomial
Here a, b denotes the µ−orbit of (a, b). 
The canonical metrics
D on C N (R 2 ) or C N (T)
Tame maps
A space X is an ANR if any closed subset A of a metrizable space B homeomorphic to X has a neighborhood U which retracts to A, cf [15] chapter 3. Any space homeomorphic to a locally finite simplicial complex or to a finite dimensional topological manifold or an infinite dimensional manifold (i.e. a paracompact separable Hausdorff space locally homeomorphic to the infinite dimensional separable Hilbert space or to the Hilbert cube [0, 1] ∞ 3 ) is an ANR.
1. A continuous proper map f : X → R, X an ANR 4 is weakly tame if for any t ∈ R, the level f −1 (t) is an ANR. Therefore for any bounded or unbounded closed interval I the space f −1 (I) is an ANR.
2. The number t ∈ R is a regular value if there exists ǫ > 0 small s.t. for any
is a homotopy equivalence. A number t which is not regular value is a critical value. In different words the homotopy type of the t−level does not change in the neighborhood of a regular value and does change in any neighborhood of a critical value. One denotes by Cr(f ) the collection of critical values of f.
The map f is called tame if weakly tame and in addition:
i) The set of critical values
If X is compact then (i) implies (ii).
4. An ANR for which the set of tame maps is dense in the space of all maps w.r. to the fine-C 0 topology is called a good ANR.
There exist compact ANR's (actually compact homological n-manifolds) with no co-dimension one subsets which are ANR's, hence compact ANR's which are not good , cf [12] .
The reader should be aware of the following rather obvious facts. 
Algebraic topology
Let κ be a field. For an ANR X denote by H r (X) the (singular) homology with coefficients in κ; this is a κ−vector space which when X is compact is finite dimensional by [18] . Denote by β r (X) := β r (X; κ) = dim H r (X) r ≥ 0 referred below as the r−th Betti number and by χ(X) = χ(X; κ) = r (−1) r β r (X) the Euler characteristic with coefficients in κ.
For a pair (X, ξ ∈ H 1 (X; Z)), X a compact ANR and ξ a degree one integral cohomology class, consider π :X → X an infinite cyclic cover associated to ξ (unique up to isomorphism), and let τ :X →X be the generator of the group of deck transformations (the infinite cyclic group Z).
The spaceX is a locally compact ANR and the κ−vector space H r (X) is a finitely generated κ[t −1 , t]− module with the multiplication by t given by the isomorphism T r : H(X) → H r (X) induced by the homeomorphism τ. The submodule of torsion elements of H r (X), denoted by V r (X; ξ), when regarded as a κ−vector space is finite dimensional and the κ[t −1 , t]−module H r (X)/V r (X; ξ) is free of finite rank.
The isomorphism class of the κ[t −1 , t]−module V r (X; ξ), equivalently of the pair (V r (X; ξ), T r ) with V r (X; ξ) viewed as a κ−vector space with a linear automorphism T r , is referred to as the r−th monodromy. The free κ[t −1 , t]−module H N r (X : ξ) := H r (X)/V r (X; ξ) is referred below as the Novikov homology in dimension r, and its rank as the r−Novikov-Betti number and denoted by β N r (X; ξ). If κ = C is the field of complex numbers then the ring C[t −1 , t], equivalently the group algebra C[Z], has a canonical completion to the finite von-Neumann algebra L ∞ (S 1 ) and the module H N r (X; ξ) to a finite type L ∞ (S 1 )−Hilbert module, of von-Neumann dimension β B r (X; ξ). The completion of H N r (X; ξ)is exactly the L 2 −homology H L 2 r (X), cf [5] . The completion of H N r (X; ξ) is referred to as the von Neumann completion, and depends a priory on additional data such as: a Riemannian metric when X a compact smooth manifold, a triangulation when X is a finite simplicial complex or more algebraically, an inner C[t −1 , t]−product on H N r (X; ξ), but all these data lead to isomorphic L ∞ (S 1 )−Hilbert modules, cf [5] .
The configurations and the set of Jordan cells
Let f : X → R be a a proper continuous map, X an ANR and κ be a fixed field. Denote by:
-X a , the sub level 
If f is weakly tame and number a ∈ R is a regular value then there exists ǫ > 0 so that for any
B(a,b;ǫ),r .
Consider the diagram F
x x
The configurations in the case of an angle valued map
Suppose f : X → S 1 with X compact. Letf :X → R be an infinite cyclic cover of f, and consider the homeomorphism τ :X →X provided by the positive generator of the group of deck transformation Z; hencef · τ =f + 2π. The map τ induces the isomorphism T r : H r (X) + 2π, b + 2π) .
Consider the quotient space T := R 2 /Z identified to C \ 0 by a, b → e ia+(b−a) , cf subsection 2.1 and As already pointed out in subsection 2.3, when κ = C the algebra C[t −1 , t] can be canonically completed to the finite von-Neumann algebra L ∞ (S 1 ). Additional data (for example a C[t −1 , t]−inner product on H N r (X; ξ), or a Riemannian metric on X when X is a Riemannian manifold, or a triangulation of X when X is a simplicial complex) lead to a completion of 
The Jordan cells for an angle valued map
For f : X → S 1 tame and θ ∈ S 1 denote by X θ := f −1 (θ) and by X θ the two sided compactification of f −1 (S 1 \ θ) by f −1 (θ), called in [6] the cut of f at θ. The space X θ is homeomorphic to the compact spacef −1 [t, t + 2π] for any t ∈ R with p(t) = θ. The inclusions
induce in homology the linear map
which can be regarded as a linear relation, cf [7] , [6] , or as a graph representation of the oriented graph G 2 . The oriented graph G 2 has two vertices v, w and two oriented edges from v to w denoted by α and β as indicated below
A linear representation ρ of G 2 is provided by f.d. two vector spaces V and W associated to v and w and two linear maps a, b : V → W associated to the edges α, β. The concept of isomorphism of representations direct sum of representations and indecomposable representations are obvious and, as in the case of an arbitrary finite oriented graph, each representation has a decomposition as sum of a unique (up to isomorphism) collection of indecomposables; the decomposition is not unique. If κ is algebraically closed the list of indecomposables can be recovered from an old theorem of Kronecker (a proof of Kronecker theorem can be found in [1] ) and is provided below.
Representation denoted by
2. Representation denoted by ρ − (r) has V = κ r+1 , W = κ r , a = Id r 0 , b = 0 Id r .
One defines the set J r (f, θ) the collection of the Jordan cells associated to the G 2 representation given by
The results
As notices in Section 2 the configuration δ 
2. If κ = R or C, and H r (X) are equipped with scalar products then the assignment f δf r is also continuous provided that C Hr(X) (C) is equipped with the collision topology described in subsection 2.1. In Section 3 for a weakly tame map f : X → S 1 and an angle θ ∈ S 1 we have defined the collection of Jordan cells J r (f, θ), all computable by effective algorithms. They have the following properties.
If κ = C and M is a closed Riemannian manifold then the canonical isomorphism of H
L 2 r (M ) to H L 2 n−r (M ) induced
Proposition 4.7
1. If f : X → S 1 is a weakly tame map then the set J r (f, θ) is independent on θ, so the notation J r (f ; θ)
can be abbreviated to J r (f ).
2. If f 1 : X 1 → S 1 and f 2 : X 2 → S 1 are two weakly tame maps and ω : X 1 → X 2 a homeomorphism s.t. f 2 · ω and f 1 are homotopic then J r (f 1 ) = J r (f 2 ).
This permits to define for any pair (X, ξ) with X a space homotopy equivalent to a compact ANR and ξ ∈ H 1 (X; Z) the invariant J r (X, ξ) by J r (X, ξ) := J r (f ) where f : Y → S 1 is a simplicial map defined on the simplicial complex Y homotopy equivalent to X by a homotopy equivalence ω : X → Y s.t. f · ω represents ξ. In view of the discussion on the topology of compact Hilbert cube manifolds such pairs (Y, ω) exist. The invariant J r (X; ξ) satisfies the following.
Theorem 4.8
1. If ω : X 1 → X 2 is a homotopy equivalence s.t. ω * (ξ 2 ) = ξ 1 , ξ 1 ∈ H 1 (X 1 , Z), ξ 2 ∈ H 1 (X 2 , Z) and X 1 and X 2 have the homotopy type of a compact ANR then J (X 1 , ξ 1 ) = J r (X 2 , ξ 2 ).
If X is a compact ANR then J r (X, ξ) are exactly the Jordan cells of the monodromy
T r (X, ξ) : V r (X, ξ) → V r (X, ξ).
Introduce the set J r (X; ξ)(u) := {(λ, k) ∈ J r (X : ξ) | λ = u} and for a finite set S denote by ♯S the cardinality of S. For any field κ one has the following relation between Betti numbers , Novikov Betti numbers and Jordan cells. Theorem 4.9 β r (X) = β N r (X, ξ) + ♯J r (X, ξ)(1) + ♯J r−1 (X, ξ)(1).
About the proof
The proof of Theorems 4.1, 4.2 , 4.3 is contained partially in [7] and as stated in [4] , of Theorems 4.4, 4.5 , 4.6 partially in [7] and as stated in [5] , and of Proposition 4.7 and Theorem 4.8 in [7] and [6] . The proofs are done first for nice spaces (homeomorphic to simplicial complexes) and tame maps and then extended to an arbitrary compact ANR and arbitrary continuous map based on results on compact Hilbert cube manifolds as summarized in Theorem 5.4 below.
As far as the first step is concerned the following propositions of various level of complexity are essential intermediate results whose proofs are contained in [4] . 
